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Abstract
In this paper, according to CA duality, we study complexity growth of Born-
Infeld (BI) black holes. As a comparison, we study action growth of dyonic black
holes in Einstein-Maxwell gravity at the beginning. We study action growth of
electric BI black holes in dRGT massive gravity, and find BI black holes in massive
gravity complexify faster than the Einstein gravity counterparts. We study action
growth of the purely electric and magnetic Einstein-Born-Infeld (EBI) black holes
in general dimensions and the dyonic EBI black holes in four-dimensions, and
find the manners of action growth are different between electric and magnetic
EBI black holes. In all the gravity systems we considered, we find action growth
rates vanish for the purely magnetic black holes, which is unexpected. In order to
ameliorate the situation, we add the boundary term of matter field to the action
and discuss the outcomes of the addition.
1 Introduction
Holographic principle relates boundary CFT to bulk theory of gravity, through the
correspondence one can study the problems of strong coupling CFT on the boundary
through studying weak coupling gravity in the bulk. Remarkable progress has been
made in applications of holographic principle in recent years, including applications of
holography to study low energy QCD, hydrodynamics, condensed matter theory [1–5],
etc.
Recently, the combination study of holography and quantum information shed light
on understanding of quantum gravity. In the initial work [6], Maldacena and Susskind
found any pair of entangled black holes are connected by some kind of Einstein-Rosen
bridge, i.e., ER=EPR. However, the ER=EPR duality does not tell how it difficult to
transmit information through Einstein-Rosen bridge. Therefore, the concept complexity
was introduced. Complexity is the minimal number of simple gates needed to prepare
a target state from a reference state. Complexity was originally conjectured to be
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proportional to the maximum volume of codimension one surface bounded by the CFT
slices, C = V
Gl
, which is called CV duality [7–14]. The length scale l is chosen according
to situations. In order to eliminate the ambiguities in CV duality, CA duality was
proposed [15,16], which states that complexity is proportional to the action in Wheeler-
DeWitt(WDW) patch, C = I
pi~ . CA duality does not involve any ambiguities in CV
duality and preserves all the nice features of CV duality. CA duality have passed the
tests of shock wave and tensor network.
According to the definition, complexity growth rate is the speed of quantum compu-
tations. Considering black holes are the densest memory [17–19], it is conjectured that
black holes are the fastest computers in nature. There exist a bound for the speed of
quantum computation. Inspired by Margolus-Levitin bound [20]
orthogonality time ≥ pi~
2〈E〉 ,
which gives the minimal time needed for a state evolving to an orthogonal state, Lloyd
proposed a bound on the speed of computation [21]. Brown and collaborators gener-
alized Lloyd’s bound and conjectured that there exists a bound on the growth rate of
complexity, which is
dC
dt
≤ 2E
pi~
. (1)
Calculations show that static neutral black holes saturate the bound.
It is natural to study complexity growth of black holes in different gravity systems
to examine CA duality and Lloyd’s bound. For the progresses in this subject please
refer to [16, 22–42]. In this paper, we intend to study complexity growth of BI black
holes, since we are interested in the effects of nonlinearity of BI theory on complexity
growth. The inner horizon of a BI black hole may turn into a curvature singularity
due to perturbatively unstability [23], which implies a BI black hole may possess a
single horizon [43–45]. It’s interesting to study the differences in complexity between BI
black holes with single horizon and AdS-Schwarzschild black holes, although the casual
structures of them are identical. Since the magnetic black holes have been studied
rarely, in this paper we will pay much attention to the magnetic black holes, and make
a comparison of the effects between electric and magnetic charge. As we will see in the
following, action growth of magnetic BI black holes exhibit some specific properties that
are not found in the electric ones. We are also interested in studying action growth of
BI black holes in massive gravity and study the effects of graviton mass.
Recently, the authors of refs. [46–48] found that, action growth rates vanish for purely
magnetic black holes in four dimensions. Which is unexpected since the expected late-
time result dI
dt
∼ TS and electric-magnetic duality cannot be restored. Similar results
were also found in the previous versions of this paper. In order to ameliorate the
situation, a boundary term of matter field was proposed to be included to the action.
In this paper, we add the boundary term proper to the gravity systems we considered
and discuss the outcomes of the addition of the boundary term.
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The paper is organized as, we study action growth of dyonic black holes in Einstein-
Maxwell gravity in section 2, BI black holes in massive gravity in section 3, and EBI
black holes in section 4. In all the gravity systems we considered, we add the boundary
term of matter field and discuss the outcomes of the addition. We summarize our
calculations in the last section.
2 Dyonic black holes of Einstein-Maxwell gravity
As a comparison with the BI black holes in the next two sections, in this section we study
action growth of dyonic black holes in Einstein-Maxwell gravity in general dimensions.
The action of Einstein-Maxwell theory reads
I =
1
16pi
∫
ddx
√−g
[
R− 2Λ− 1
4
FµνF
µν
]
. (2)
After taking variations of the metric and electromagnetic field, the field equations are
given by
Gµν + Λgµν =
1
2
FµλF
λ
ν −
1
8
FαβF
αβgµν , (3)
∇µF µν = 0. (4)
We take the metric and field strength ansatz for AdS planar black holes in d = 2n + 2
dimensions as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2
(
dx21 + dx
2
2 + · · ·+ dx22n−1 + dx22n
)
,
F = Φ′(r)dr ∧ dt+ p(dx1 ∧ dx2 + · · ·+ dx2n−1 ∧ dx2n). (5)
Solving equations of motion (e.o.m.) of the Maxwell field (4) we obtain
Φ(r) =
∫ ∞
r
qdr
r2n
. (6)
Now we are able to solve the e.o.m. of metric (3), and obtain the dyonic black hole
solution
f(r) = − µ
rd−3
− 2Λ
(d− 1)(d− 2)r
2 +
q2
2(d− 2)(d− 3)r2(d−3) −
p2
4(d− 5)r2 . (7)
According to CA duality, complexity is proportional to action in WDW patch. Since
WDW patch is in general non-smooth, as shown by Fig.1, we employ the method pro-
posed in [50,51] to calculate the action, which is given by
Itot =
∫
V
(R− 2Λ + Lmat)
√−gdV + 2ΣTi
∫
∂VTi
KdΣ + 2ΣSisign(Si)
∫
∂VSi
KdΣ
+2ΣNisign(Ni)
∫
∂VNi
κdSdλ+ 2Σjisign(ji)
∮
ηjidS + 2Σmisign(mi)
∮
amidS. (8)
3
Where Si, Ti and Ni labels spacelike, timelike and null boundary respectively. K is the
Gibbons-Hawking term. κ measures the failure of λ to be an affine parameter on the null
generators. ηji is the joint term between non-null hypersurfaces. ami is the joint term
between null and other types of surfaces. The signatures sign(Ni), sign(ji), sign(mi)
are determined through the requirement that the gravitational action is additive.
To proceed the calculations, it’s convenient to introduce null coordinates
du ≡ dt+ f−1dr, dv ≡ dt− f−1dr. (9)
Under the null coordinates the metric becomes
ds2 = −fdu2 + 2dudr + r2hijdxidxj, (10)
or
ds2 = −fdv2 − 2dvdr + r2hijdxidxj. (11)
r=0
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r
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∞
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Figure 1: Wheeler-DeWitt (WDW) patch of black holes. The left panel represents
WDW patch of black holes with single horizon, the right panel represents WDW patch
of black holes with double horizons.
Since the dyonic black holes (7) possess both inner and outer horizons, we only need
the right panel of Fig.1 to calculate action growth. From the right panel of Fig.1 we
obtain the bulk contribution to δI
IV1 =
1
16pi
ωn2
∫ u+δt
u
du
∫ rmax
r−
drrd−2Lbulk,
IV2 =
1
16pi
ωn2
∫ v+δt
v
dv
∫ rmax
r+
drrd−2Lbulk, (12)
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where rmax is the UV cutoff, and ω2 ≡
∫
dx1dx2 = · · · =
∫
dx2n−1dx2n. With the e.o.m.
(3), we have
Lbulk = 4Λ
d− 2 +
q2
(d− 2)r2(d−2) −
p2
2r4
. (13)
Therefore, the bulk contribution to total action growth is
IV1 − IV2 =
1
16pi
ωn2 δt
[
4Λrd−1+
(d− 1)(d− 2) −
p2rd−5+
2(d− 5) −
q2
(d− 2)(d− 3)rd−3+
]∣∣∣∣r+
r−
. (14)
As shown by the right panel of Fig.1, there are four joints between null surfaces con-
tributing to δI. Actions of the joints are given by
IB′B =
1
16pi
[
2
∮
B′
adS − 2
∮
B
adS
]
=
1
8pi
ωn2 [h(rB′)− h(rB)] , (15)
where a = ln
(−1
2
k · k¯), with k being the null normal to the hypersurface v = const and
k¯ being the null normal to the hypersurface u = const. For the affinely parametrized
expressions kα = −c∂αv and k¯α = c¯∂αu, we have a = − ln (−f/(cc¯)), therefore h(r) =
−rd−2 ln (−f/(cc¯)). Using dr = −1
2
fδt, we obtain
IB′B =
1
16pi
ωn2 δt
[
rd−2f ′ + (d− 2)rd−3f ln
(−f
cc¯
)] ∣∣∣∣
r=rB
. (16)
At late times, rB → r+, rC → r−, we have
IB′B =
1
16pi
ωn2 r
d−2f ′(r)
∣∣
r+
δt, IC′C = − 1
16pi
ωn2 r
d−2f ′(r)
∣∣
r−
δt. (17)
The two terms in (17) together give rise to
IB′B + IC′C =
1
16pi
ωn2 δt
[
− 4Λr
d−1
+
(d− 1)(d− 2) +
p2rd−5+
2(d− 5) −
q2
(d− 2)rd−3+
]∣∣∣∣r+
r−
. (18)
The total action growth is obtained by sum of all the contributions
δI
δt
=
1
16pi
[
− q
2
(d− 3)rd−3+
+
q2
(d− 3)rd−3−
]
= [(M −QeΦe)+ − (M −QeΦe)−] . (19)
Where Qe =
q
16pi
,Φe =
q
(d−3)rd−3±
are electric charge and potential respectively. It can be
seen that, similar to the four-dimensional case [46], magnetic charge does not contribute
to action growth, which implies action growth rates vanish for purely magnetically
charged black holes. In order to restore the late-time result dI
dt
∼ TS for purely magnetic
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black holes and electric-magnetic duality in four dimensions, the action of Einstein-
Maxwell theory may be modified by a boundary term of Maxwell field.
The Maxwell boundary term that considered to be included to the action reads [46]
IµQ =
γ
16pi
∫
∂M
dΣµF
µνAν . (20)
This term does not affect the field equations but only alter the boundary conditions
in the variational principle of Maxwell field. A well-posed variational principle requires
Dirichlet boundary condition δAa = 0 for the original Maxwell action in (2), while after
adding the boundary term (20), it requires Neumann boundary condition nµ∂µδAa = 0
for γ = 1 and mixed boundary conditions for general γ. Addition of the boundary term
(20) is natural when studying thermodynamics or Euclidean action, it produces the
Legendre transformation from a grand canonical ensemble with fixed chemical potential
to a canonical one with fixed charge. Using the field equations ∇µF µν = 0 and Stokes’
theorem the boundary term (20) can be rewritten as
IµQ =
γ
32pi
∫
M
ddx
√−gF µνFµν . (21)
Action growth for the dyonic black holes now becomes
δI
δt
= [M − (1− γ)QeΦe − γQmΦm]+ − [M − (1− γ)QeΦe − γQmΦm]− . (22)
This result takes the identical form with the four-dimensional one [46]. One sees that,
if we take γ = 1
2
, then electric and magnetic charges contribute to action growth on
equal footing, this agrees with electric-magnetic duality in four dimensions. If we take
γ = 1, contrary to the γ = 0 case, only magnetic charge contributes to action growth,
i.e., action growth rates vanish at late times for purely electrically charged black holes
in this case.
3 BI black holes in massive gravity
In this section, we study action growth of purely electrically charged BI black holes in
massive gravity and discuss the effects of graviton mass. The action of Einstein massive
gravity is given by [49]
I =
1
16pi
∫
ddx
√−g
[
R− 2Λ + L(F) +m2
4∑
i=1
ciUi(g, f)
]
, (23)
where f is a fixed symmetric rank-2 tensor. ci are constants and Ui are symmetric
polynomials of the eigenvalues of matrix Kµν ≡
√
gµαfαν
U1 = [K], U2 = [K]2 − [K2], U3 = [K]3 − 3[K][K2] + 2[K3],
U4 = [K]4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]. (24)
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L(F) is the Lagrangian density of BI theory
L(F) = 4β2
(
1−
√
1 +
F ρσFρσ
2β2
)
. (25)
Taking variation of the metric and electromagnetic field one obtains the field equations
Gµν + Λgµν−1
2
gµνL(F)− 2FµλF
λ
ν√
1 + F
ρσFρσ
2β2
+m2χµν = 0, (26)
∂µ
 √−gF µν√
1 + F
ρσFρσ
2β2
 = 0, (27)
where
χµν =− c1
2
(U1gµν −Kµν)− c2
2
(U2gµν − 2U1Kµν + 2K2µν)− c32 (U3gµν − 3U2Kµν
6U1K2µν − 6K3µν
)− c4
2
(U4gµν − 4U3Kµν + 12U2K2µν − 24U1K3µν + 24K4µν) . (28)
We take the static metric ansatz
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2hijdx
idxj, (29)
where hijdx
idxj is the line element of codimension-two hypersurface with constant cur-
vature. Using the reference metric
fµν = diag(0, 0, hij), (30)
the Ui’s can be expressed as
U1 = d2
r
, U2 = d2d3
r2
, U3 = d2d3d4
r3
, U4 = d2d3d4d5
r4
, (31)
where di ≡ d − i is introduced for convenience. Under the assumption of electrostatic
potential Aµ = Φ(r)δ
0
µ, we solve the e.o.m of Aµ and find the only non-vanishing com-
ponent of strength tensor is
Ftr =
√
d2d3q
rd2
√
1 + d2d3q
2
β2r2d2
. (32)
Substituting the above results into (26), one obtains the black hole solution
f(r) =k − m0
rd3
+
4β2 − 2Λ
d1d2
r2 − 4β
2r2
d1d2
√
1 + Γ +
4d2q
2
d1r2d3
H
+m2
(
c1r
d2
+ c2 +
d3c3
r
+
d3d4c4
r2
)
, (33)
7
with
Γ =
d2d3q
2
β2r2d2
, H = 2F1
[
1
2
,
d3
2d2
,
3d− 7
2d2
,−Γ
]
. (34)
The details of geometry and thermodynamics of the black hole (33) can be found
in [49]. The black hole may possess single or double horizons. Let’s first calculate
action growth of the single-horizoned black hole. The left panel of Fig.1 shows us the
Penrose diagram of this type of black holes. From the panel it is easy to see that, the η
terms in (8) vanish because there are no joints between non-null hypersurfaces in WDW
patch. It is natural to require all null segments to be affine parametrized, therefore all
κ terms in (8) vanish too. Considering time transition symmetry, the left contributions
to δI = I(t0 + δt)− I(t0) are
δI = IV1 − IV2 − 2
∫
S
KdΣ + 2
∮
B′
adS − 2
∮
B
adS (35)
With the e.o.m (26), we obtain the expression of bulk Lagrangian
Lbulk = 4Λ
d2
− 8β
2
d2
(
1−
√
1 +
d2d3q2
β2r2d2
)
− m
2
d2
[
d2c1
r
− d2d3d4c3
r3
− 2d2d3d4d5c4
r4
]
. (36)
Thus action of the bulk region V1 is given by
IV1 =
1
16pi
Ωd2
∫ u+δt
u
du
∫ ρ(u)

drrd2Lbulk,
=
1
16pi
Ωd2δt
[
4Λ
d1d2
rd1 − 2F (r)−m2
(
c1
d2
rd2 − c3d3rd4 − 2c4d3d4rd5
)] ∣∣∣∣ρ(u)

. (37)
where Ωd2 is the volume of the codimension-two hypersurface, r = ρ(u) represents
the v = v0 + δt surface, and F (r) ≡
∫
drrd2 4β
2
d2
(
1−
√
1 + d2d3q
2
β2r2d2
)
is introduced for
convenience. Similarly, action of the bulk region V2 is given by
IV2 =
1
16pi
Ωd2
∫ v+δt
v
dv
∫ ρ0(v)
ρ1(v)
drrd2Lbulk,
=
1
16pi
Ωd2δt
[
4Λ
d1d2
rd1 − 2F (r)−m2
(
c1
d2
rd2 − c3d3rd4 − 2c4d3d4rd5
)] ∣∣∣∣ρ0(v)
ρ1(v)
, (38)
where r = ρ0(1)(v) represents the u = u0(1) surface. In the late-time limit, ρ1(v) → r+,
we have
IV1 − IV2 =
1
16pi
Ωd2δt
[
4Λ
d1d2
rd1+ − 2F (r+) + 2F (0)−m2
(
c1
d2
rd2+ − c3d3rd4+ − 2c4d3d4rd5+
)]
,
(39)
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where we have taken → 0. Action of the spacelike surface S is
IS = − 1
8pi
∫
KdΣ
=
1
16pi
Ωd2δtd1 [m0 − F (0)] . (40)
where we have used the expression K = −1
rd2
d
dr
(
rd2
√−f) for extensive curvature and
taken the r → 0 limit. At late times, rB → r+, the joint term is given by
IB′B =
1
16pi
Ωd2δt
[
d3m0 − 4Λ
d1d2
rd1+ − d3F (r+) + r+F ′(r+)
+m2
(
c1
d2
rd2+ − c3d3rd4+ − 2c4d3d4rd5+
)]
. (41)
Collecting our calculations, adding up all the contributions to δI (39), (40) and (41),
we finally arrive at
δI
δt
= 2M −QΦ− C, (42)
where M,Q,Φ are respectively mass, electric charge and potential of the black hole
M =
d2m0Ωd−2
16pi
, Q =
√
d2d3q
4pi
,
Φ =
√
d2
d3
q
rd3+
2F1
[
1
2
,
d3
2d2
,
3d− 7
2d2
,−d2d3q
2
β2r2d2+
]
, (43)
and
C =
β2d3
8pid1d2
(d2d3)
d1
2d2
(
q
β
) d1
d2 Γ (1/(2d2)) Γ (d3/(2d2))
Γ(1/2)
(44)
Note that, action growth of BI black holes in massive gravity (42) takes the identical
form with the one of EBI black holes [23]. However, graviton mass affects action growth
through back-reaction on the geometry. The m→ 0 limit of (33) leads to black holes of
EBI gravity
fˆ(r) = k − m0
rd3
+
4β2 − 2Λ
d1d2
r2 − 4β
2r2
d1d2
√
1 + Γ +
4d2q
2
d1r2d3
H. (45)
When mass and charge of the black holes are fixed, we have f(r) − fˆ(r) < 0 (given ci
negative [52]) due to the graviton mass, which implies r+ > rˆ+, therefore graviton mass
leads BI black hole in massive gravity to complexitify faster than their Einstein gravity
counterparts.
It is easy to note also that, when q → 0, action growth rate (42) reduces to the
one of AdS-Schwarzschild black holes, for which Lloyd’s bound is saturated. Although
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the causal structure of single-horizoned BI black holes is identical with the one of AdS-
Schwarzschild black holes, the manners of action growth differ between the two types of
black holes due to the presence of electromagnetic field. Therefore, BI electromagnetic
field slows down complexification of the black holes.
For black holes with inner and outer horizons, the causal structure of which is shown
by the right panel of Fig.1. Bulk contribution to δI is given by
IV1 − IV2 =
1
16pi
Ωd2δt
[
4Λ
d1d2
rd1 − 2F (r)−m2
(
c1
d2
rd2 − c3d3rd4 − 2c4d3d4rd5
)] ∣∣∣∣r+
r−
,
(46)
The joint terms are
IB′B + IC′C =
1
16pi
Ωd2δt
[
− 4Λ
d1d2
rd1 − d3F (r) + rF ′(r)
+m2
(
c1
d2
rd2 − c3d3rd4 − 2c4d3d4rd5
)]∣∣∣∣r+
r−
. (47)
The total variation of action is then given by the sum of eqs. (46) and (47), which yields
δI
δt
= (M −QΦ)+ − (M −QΦ)− . (48)
Just as the single horizon case, this result is formally identical with the one of EBI black
holes. Similarly, we also have f(r) − fˆ(r) < 0 for fixed mass and charge parameters,
which implies r− < rˆ− and r+ > rˆ+ (rˆ± are the inner and outer horizons of the EBI black
hole (45)), i.e., action growth rates of the double-horizoned BI black holes in Einstein
massive gravity are superior to the ones of the Einstein gravity counterparts too.
Now, we add a boundary term of electromagnetic field to the total action
IµQ =
γ
16pi
∫
dΣµ
4F µν√
1 + F
2
2β2
Aν
=
γ
8pi
∫
ddx
√−g 1√
1 + F
2
2β2
F µνFµν , (49)
which does not alter the field equations. In the second equality we have used Stokes’
theorem and the field equations∇µ
(
Fµν√
1+ F
2
2β2
)
= 0. For BI black holes with single horizon,
action growth becomes
δI
δt
= 2M − (1− γ)QΦ− C1, (50)
with
C1 =
β2d23
8pid1
(
d2
d3
) d1
2d2
(
q
β
) d1
d2
(
d
1
d2
3 + γ
d1
d2
)
Γ (1/(2d2)) Γ (d3/(2d2))
Γ(1/2)
. (51)
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For BI black holes with double horizons, action growth becomes
δI
δt
= [M − (1− γ)QΦ]+ − [M − (1− γ)QΦ]− . (52)
Note that, if we set γ = 1, QΦ does not appear in the expressions of action growth
(50) and (52). In this case, for BI black holes with single horizon, electric charge affects
action growth only through the constant C1, for BI black holes with double horizons,
action growth rates vanish. This agrees with the result obtained for dyonic black holes
in Einstein-Maxwell gravity.
4 EBI black holes
The Lagrangian (25) is only suitable for constructing BI black holes with electric charge.
To construct black holes with both electric and magnetic charges, the Lagrangian (25)
should be replaced with the general one [53]
L = −β2
√
− det
(
gµν +
Fµν
β
)
+ β2
√
− det(gµν). (53)
In the large β limit, (53) reduces to Maxwell theory. The Lagrangian of EBI theory is
now given by
L = √−g(R− 2Λ0)− β2
√
− det
(
gµν +
Fµν
β
)
, (54)
where Λ0 = Λ−β2/2 is the bare cosmological constant, and Λ is the effective cosmological
constant. Variation of the action of EBI theory give rise to field equations
Gµν+Λ0g
µν +
β2
2
√−h√−g
(
h−1
)(µν)
= 0, (55)
∇µ
[√−h√−g β (h−1)[µν]
]
= 0, (56)
where hµν = gµν + Fµν/β, h ≡ det(hµν), and (h−1)µν denotes the inverse of hµν , i.e.,(
h−1
)µρ
hρν = δ
µ
ν , hνρ
(
h−1
)ρµ
= δµν . (57)
We still take the metric and strength ansatz given in eq.(5). Solving e.o.m of Aµ
(56), we have
Φ′(r) =
q√(
r4 + p
2
β2
)n
+ q
2
β2
, (58)
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where ”′” denotes derivative with respect to r. The Einstein equations (55) imply the
dyonic black hole solution in general dimensions [53]
f(r) = − µ
r2n−1
− Λ0
n(2n+ 1)
r2 − β
2
2nr2n−1
G(r), (59)
where µ is the mass parameter, and
G(r) ≡
∫
dr
√(
r4 +
p2
β2
)n
+
q2
β2
(60)
is introduced for convenience. The details of geometry and thermodynamics of the black
hole (59) can be found in [53]. The integral (60) can not be integrated out for general
n, let’s consider the following special cases.
4.1 Purely electric EBI black holes
If we take the p → 0 limit of the dyonic black holes (59), we obtain the purely electric
EBI black holes. For electric EBI black holes with single horizon, with e.o.m (55) and
the null coordinates introduced in (9), at late times the bulk contribution to action
growth is given by
IV1 − IV2 =
1
16pi
ωn2 δt
[
2Λ0
n(2n+ 1)
r2n+1+ +
β2
n
Gˆ(r+)− β
2
n
Gˆ(0)
]
. (61)
where Gˆ(r) ≡ ∫ dr√r4n + q2
β2
is G(r) in (60) with the magnetic charge parameter p = 0.
Action of the r = 0 surface is
IS =
1
16pi
ωn2 δt
[
(2n+ 1)µ− q 2n+12n β 2n−12n Γ (1/2− 1/(4n)) Γ (1 + 1/(4n))
Γ (1/2)
]
. (62)
The joint term is given by
IB′B =
ωn2 δt
16pi
[
(2n− 1)µ− 2Λ0
n(2n+ 1)
r2n+1+ +
2n− 1
2n
β2Gˆ(r+)− β
2r+
2n
√
r4n+ +
q2
β2
]
.
(63)
By sum of eqs. (61), (62) and (63) we have the total variation of action
δI
δt
=
ωn2
16pi
[
4nµ+
2n+ 1
2n
β2Gˆ(r+)− β
2r+
2n
√
r4n+ +
q2
β2
− β
2
n
Gˆ(0)
]
= 2M −QeΦe − Cˆ, (64)
with
M =
nωn2
8pi
µ, Qe =
q
16pi
ωn2 , Φe =
∫ ∞
r+
qdr√
r4n + q
2
β2
(65)
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are mass, electric charge and potential respectively, and the constant
Cˆ =
(2n− 1)ωn2 q
2n+1
2n β
2n−1
2n
16pi(2n+ 1)
Γ (1/2− 1/(4n)) Γ (1 + 1/(4n))
Γ (1/2)
. (66)
We see that, action growth of electric EBI black holes is in the same manner as the
one of the massive gravity counterparts. Electromagnetic field does not change casual
structure of EBI black holes compared with AdS-Schwarzschild black holes, but it affects
the manners of action growth, which leads Lloyd’s bound to be unsaturated.
For electric EBI black holes with double horizons, the bulk contribution to δI is
IV1 − IV2 =
1
16pi
ωn2 δt
[
2Λ0
n(2n+ 1)
r2n+1 +
β2
n
Gˆ(r)
] ∣∣∣∣r+
r−
. (67)
The joint terms are given by
IB′B + IC′C =
ωn2 δt
16pi
[
(2n− 1)µ− 2Λ0
n(2n+ 1)
r2n+1 +
2n− 1
2n
β2Gˆ(r)− β
2r
2n
√
r4n +
q2
β2
] ∣∣∣∣r+
r−
.
(68)
Combining (67) and (68) we have the total action growth rate
δI
δt
= (M −QeΦe)+ − (M −QeΦe)− . (69)
In this case, action growth of electric EBI black holes takes the identical form with that
of the AdS-RN black holes, however, electromagnetic field affects action growth through
the nonlinearity of BI theory.
We add a boundary term of electromagnetic field to the action
IµQ =
γ
16pi
∫
dΣµβ
√−h√−g
(
h−1
)[νµ]
Aν
=
γ
32pi
∫
ddxβ
√−h (h−1)[νµ] Fµν , (70)
which does not affect the field equations. The field equations ∇µ
(√−h√−g (h−1)[νµ] ) = 0
and Stoke’s theorem have been used in the second equality. For electric EBI black holes
with single horizon, action growth becomes
δI
δt
= 2M − (1− γ)QeΦe − Cˆ1, (71)
with
Cˆ1 =
(
2n− 1
2n+ 1
+ γ
)
ωn2 q
2n+1
2n β
2n−1
2n
16pi
Γ (1/2− 1/(4n)) Γ (1 + 1/(4n))
Γ (1/2)
. (72)
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For electric EBI black holes with double horizons, action growth becomes
δI
δt
= [M − (1− γ)QeΦe]+ − [M − (1− γ)QeΦe]− . (73)
After the addition of the BI boundary term, action growth rates of the electric EBI
black holes take the identical form with that of the massive gravity counterparts too.
As we will see in the following, action growth of the electric EBI black holes with γ = 1
is in the same manner as that of the magnetic EBI black holes with γ = 0.
4.2 Pure magnetic EBI black holes
In this subsection, we calculate action growth of purely magnetic EBI black hole in
general dimensions and make a comparison between the effects of electric and magnetic
charges on action growth.
For magnetic EBI black holes with single horizon, with e.o.m (55) and the null
coordinates, we obtain the bulk contribution to δI
IV1 − IV2 =
1
16pi
ωn2 δt
[
2Λ0
n(2n+ 1)
r2n+1 +
β2
n
G¯(r)− p2H¯(r)
] ∣∣∣∣r+

,
=
1
16pi
ωn2 δt
[
2Λ0
n(2n+ 1)
r2n+1+ +
β2
n
G¯(r+)− p2H¯(r+)− β
2
n
G¯(0) + p2H¯(0)
]
.
(74)
where G¯(r) ≡ ∫ dr (r4 + p2
β2
)n/2
, H¯(r) ≡ ∫ dr (r4 + p2
β2
)n/2−1
, and we have taken the
→ 0 limit in the second equality. Action of the spacelike surface is given by
IS =
1
16pi
ωn2 δt
[
(2n+ 1)µ+
pn+1/2
2nβn−3/2
Γ (1/4) Γ (3/4− n/2)
Γ (−n/2)
]
. (75)
The joint term is
IB′B =
ωn2 δt
16pi
[
(2n− 1)µ− 2Λ0
n(2n+ 1)
r2n+1+ +
2n− 1
2n
β2G¯(r+)− β
2r+
2n
√
(r4+ + p
2/β2)n
]
.
(76)
We have the total variation of action by sum of eqs. (74), (75) and (76)
δI
δt
=
ωn2
16pi
[
4nµ+
2n+ 1
2n
β2G¯(r+)− β
2r+
2n
√
(r4+ + p
2/β2)n − p2H¯(r+)− β
2
n
G¯(0) + p2H¯(0)
]
= 2M − C¯, (77)
with
M =
nωn2
8pi
µ, (78)
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and
C¯ = − ω
n
2 p
n+1/2
8pi(2n+ 1)βn−3/2
Γ (1/4) Γ (3/4− n/2)
Γ (−n/2) . (79)
Note that, if we don’t consider the BI boundary term, action growth of magnetic EBI
black holes with single horizon depends only on mass and some constant involving p, it
does not depend on the product of magnetic charge and potential QmΦm. This differs
from the pure electric case (64), where the action growth depends on mass, some constant
and the product QeΦe. By comparison of the first line of (77) and the first line of (64),
we see that, for electric EBI black holes, the term corresponding to H¯(r+) disappears
since p vanishes, therefore the term QeΦe in action growth remain. The calculation
details of simplifying eq.(77) from the first line to the second line can be found in the
appendix.
It’s interesting to note that, C¯ is a positive constant for n to be odd, while C¯ vanishes
for n to be even. For odd n, according to CA duality we have dC
dt
< 2M
pi~ , Lloyd’s bound
is satisfied. For even n, we have dC
dt
= 2M
pi~ , Lloyd’s bound is saturated. Therefore, if we
don’t consider the boundary term of electromagnetic field, action growth of magnetic
EBI black holes is in the same manner as the one of AdS-Schwarzschild black holes in
some dimensions. In this case, magnetic charge affects action growth through back-
reaction on the geometry.
For magnetic EBI black holes with double horizons, the bulk contribution to δI is
IV1 − IV2 =
1
16pi
ωn2 δt
[
2Λ0
n(2n+ 1)
r2n+1 +
β2
n
G¯(r)− p2H¯(r)
] ∣∣∣∣r+
r−
. (80)
The joint terms are
IB′B + IC′C =
ωn2 δt
16pi
[
(2n− 1)µ− 2Λ0
n(2n+ 1)
r2n+1 +
2n− 1
2n
β2G¯(r)− β
2r
2n
√
(r4 + p2/β2)n
] ∣∣∣∣r+
r−
.
(81)
Combining (80) and (81) we find that
δI
δt
= 0. (82)
This result agrees with that of the magnetic black holes in Einstein-Maxwell theory.
Although action growth rates do not vanish for the magnetic EBI black holes with
single horizon, action growth rates vanish for the magnetic black holes with double
horizons both in Einstein-Maxwell gravity and in EBI gravity.
We now add the boundary term of electromagnetic field (70) to the action. For
magnetic EBI black holes with single horizon, action growth becomes
δI
δt
= 2M − γQmΦm − C¯1, (83)
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with Qm =
np
16pi
ω2, Φm =
∂M
∂Qm
are magnetic charge and potential respectively, and
C¯1 = −ω
n
2 p
n+1/2
8piβn−3/2
(
1
2n+ 1
− γ
4
)
Γ (1/4) Γ (3/4− n/2)
Γ (−n/2) . (84)
After the addition of the BI boundary term, we see that, magnetic charge affects ac-
tion growth in a similar manner to electric charge. Here, C¯1 also vanishes for even n.
Therefore, in the dimensions with even n, action growth of magnetic EBI black holes
takes the specific form δI
δt
= 2M −γQmΦm. Note from eqs. (83) and (84) that, after the
addition of the BI boundary term, Lloyd’s bound may be violated for certain values of
γ. The late-time violations of Lloyd’s bound have also been found in Einstein-dilaton
system, in Einstein-Maxwell-Dilaton system [26,36], etc.
For magnetic BI black holes with double horizons, action growth becomes
δI
δt
= [(M − γQmΦm)]+ − [(M − γQmΦm)]− . (85)
Now, the rate of action growth does not vanish due to addition of the BI boundary
term. If we set γ = 1, magnetic EBI black holes complexify in the same manner as the
electric ones with γ = 0. If we set γ = 1
2
, the manners of action growth are similar
for magnetic and electric EBI black holes, which implies electric and magnetic charges
may contribute to action growth on equal footing in this case. As we will see from the
calculating results of the dyonic black hole in the following, this is indeed the case.
4.3 Four-dimensional dyonic EBI black hole
Since the integral (60) can not be integrated out for general n, for simplicity we only
consider the n = 1 case, i.e., the dyonic black hole in four dimensions.
For the dyonic EBI black hole with single horizon, bulk contribution to δI is given
by
IV1 − IV2 =
1
16pi
ω2δt
[
2Λ0
3
r3+ + β
2G˜(r+)− p2H˜(r+)− β2G˜(0) + p2H˜(0)
]
. (86)
with
G˜(r) ≡
∫
dr
√
r4 +
p2 + q2
β2
, H˜(r) ≡
∫
dr
1√
r4 + p
2+q2
β2
. (87)
Action of the r = 0 spacelike surface is
IS =
1
16pi
ω2δt
[
3µ− (p
2 + q2)3/4
√
β√
pi
Γ
(
1
4
)
Γ
(
5
4
)]
. (88)
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The joint term is
IB′B =
1
16pi
ω2δt
[
µ− 2Λ0
3
r3+ +
1
2
β2G˜(r+)− β
2r+
2
√
r4+ + (p
2 + q2)/β2
]
. (89)
Adding up all the contributions, the growth rate of action can be written as
δI
δt
= 2M −QeΦe − C˜, (90)
where
C˜ =
(4p2 + q2)ω2
√
β
48pi (q2 + p2)1/4
Γ
(
1
4
)
Γ
(
5
4
)
Γ
(
1
2
) , (91)
and
M =
ω2
8pi
µ, Qe =
q
16pi
ω2,
Φe =
q
r+
2F1
[
1
4
,
1
2
,
5
4
,−p
2 + q2
r4+β
2
]
. (92)
are mass, electric charge and potential respectively.
The result (90) matches the ones of purely electric and magnetic EBI black holes
with single horizon in general dimensions above, i.e., only the product of electric charge
and potential appears in the expression of action growth, magnetic charge affects action
growth only through some constant.
For the dyonic EBI black hole with inner and outer horizons, we have
IV1 − IV2 =
1
16pi
ω2δt
[
2Λ0
3
r3 + β2G˜(r)− p2H˜(r)
] ∣∣∣∣r+
r−
, (93)
IB′B + IC′C =
1
16pi
ω2δt
[
µ− 2Λ0
3
r3 +
1
2
β2G˜(r)− β
2r
2
√
r4 + (p2 + q2)/β2
] ∣∣∣∣r+
r−
. (94)
Thus the growth rate of action is
δI
δt
= (M −QeΦe)+ − (M −QeΦe)− . (95)
This result agrees with the ones of purely electric and magnetic EBI black holes, and
takes the identical form with that of dyonic black holes in Einstein-Maxwell gravity.
It seems that, independent of the linearity or nonlinearity of electromagnetic theory,
only electric charge affects action growth of the black holes with double horizons, action
growth rates vanish for the purely magnetically charged black holes.
After the addition of the boundary term (70), for dyonic EBI black holes with single
horizon, action growth becomes
δI
δt
= 2M − (1− γ)QeΦe − γQmΦm − C˜1, (96)
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where Qm, Φm are magnetic charge and potential
Qm =
p
16pi
ω2, Φm =
p
r+
2F1
[
1
4
,
1
2
,
5
4
,−p
2 + q2
r4+β
2
]
, (97)
and
C˜1 =
ω2
√
β
16pi3/2 (q2 + p2)1/4
[
5
6
(p2 + q2) +
(
1
2
− γ
)
(p2 − q2)
]
Γ
(
1
4
)
Γ
(
5
4
)
Γ
(
1
2
) . (98)
For dyonic BI black holes with double horizons, action growth becomes
δI
δt
= [M − (1− γ)QeΦe − γQmΦm]+ − [M − (1− γ)QeΦe − γQmΦm]− . (99)
The calculating outcomes (96) and (99) agree with the ones of purely electric and mag-
netic EBI black holes. If we set γ = 1, the product QeΦe in the expressions of action
growth vanishes, only product QmΦm remains, electric charge only affects action growth
of the dyonic EBI black hole with single horizon through some constant. If we set γ = 1
2
,
the asymmetric part under p ↔ q in (98) vanishes, then electric and magnetic charges
contribute to action growth on equal footing for the dyonic EBI black holes with both
single and double horizons.
5 Summary and Discussion
In this paper, we study action growth of BI black holes. As a comparison, we first review
action growth of dyonic black holes in Einstein-Maxwell gravity in general dimensions,
and notice that action growth takes the identical form with the four-dimensional case.
Action growth rates vanish for purely magnetic black holes if we don’t consider the
Maxwell boundary term. After the inclusion of Maxwell boundary term, if we set γ = 1
2
,
then electric and magnetic charges contribute to action growth on equal footing, which
is in accord with electric-magnetic duality. If we set γ = 1, then action growth rates
vanish for purely electric black holes.
We study action growth of electric BI black holes in massive gravity, and find that
BI black holes in massive gravity always complexify faster than their Einstein gravity
counterparts due to the back-reaction of graviton mass on geometry. If we include the
Maxwell boundary term and set γ = 1, then the term QΦ disappears in the expressions
of action growth.
We study action growth of pure electric and magnetic EBI black holes in general
dimensions. Before inclusion of the BI boundary term to the action, action growth of
electric and magnetic EBI black holes with single horizon are in different manners, which
are δI
δt
= 2M−QeΦe−Cˆ and δIδt = 2M−C¯ respectively. We notice that, for the magnetic
black holes, the constant C¯ vanishes for even n. Therefore, in the dimensions with even
n, action growth of magnetic EBI black holes saturates Lloyd’s bound, i.e., it takes the
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identical form with that of the AdS-Schwarzschild black holes. In this case, magnetic
charge affects action growth through back-reaction on the geometry. For EBI black
holes with double hirizons, action growth of the electric ones takes the identical form
with that of AdS-RN black holes, while action growth of the magnetic ones vanishes,
this agrees with the result obtained from the dyonic black holes in Einstein-Maxwell
gravity.
If we include the BI boundary term to the action, action growth of the electric
(magnetic) EBI black holes with γ = 1 takes similar form with that of the magnetic
(electric) ones with γ = 0. We find that, for the magnetic EBI black holes with single
horizon, in the dimensions with even n the constant in δI
δt
vanishes, then action growth
takes the specific form δI
δt
= 2M − γQmΦm. In the dimensions with odd n, due to the
contribution of the BI boundary term, complexity growth of the black holes may violate
Lloyd’s bound for certain values of γ.
The calculating result of the four-dimensional dyonic EBI black hole agrees with that
of the electric and magnetic EBI black holes in general dimensions. When we set γ = 1
2
,
electric and magnetic charges contribute to action growth on equal footing.
Acknowledgment
KM would like to thank Profs. Peng Wang, Haitang Yang, Liu Zhao and Haishan Liu
for valuable discussions.
Appendix
The magnetic potential is given by
Φm =
∂M
∂Qm
=
r2n+1+ β
2ωn−12
2np
((
1 +
p2
r4+β
2
)n/2
− 2F1
[
−1
4
− n
2
,−n
2
,
3
4
− n
2
,− p
2
r4+β
2
])
.
(100)
The two terms in eq.(77) can be simplified to
ωn2
16pi
(
2n+ 1
2n
β2G¯(r+)− β
2r+
2n
√
(r4+ + p
2/β2)n
)
= − 1
n
QmΦm. (101)
From the definition of H¯(r+), we have
H¯(r+) ≡
∫
dr+
(
r4+ +
p2
β2
)n/2−1
=
r2n−3+
2n− 3 2F1
[
3
4
− n
2
, 1− n
2
,
7
4
− n
2
,− p
2
r4+β
2
]
. (102)
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With the formula 2F1 [a, b, c, z] =
c−1
(a−1)(b−1)
d
dz 2F1 [a− 1, b− 1, c− 1, z], H¯(r+) can be
rewritten as
H¯(r+) = −r
2n+1
+ β
2
2np2
((
1 +
p2
r4+β
2
)n/2
− 2F1
[
−1
4
− n
2
,−n
2
,
3
4
− n
2
,− p
2
r4+β
2
])
. (103)
Therefore
ωn2
16pi
p2H¯(r+) = − 1
n
QmΦm. (104)
By comparison of eqs.(101) and (104), we immediately have
ωn2
16pi
(
2n+ 1
2n
β2G¯(r+)− β
2r+
2n
√
(r4+ + p
2/β2)n − p2H¯(r+)
)
= 0. (105)
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